Medieval Hebrew Texts on the Quadrature of the Lune  by Langermann, Y.Tzvi
HISTORIA MATHEMATICA 23 (1996), 31–53
ARTICLE NO. 0003
Medieval Hebrew Texts on the Quadrature of the Lune
Y. TZVI LANGERMANN
Institute of Microfilmed Hebrew Manuscripts, Jewish National and University Library,
P.O.B. 34165, Jerusalem 91341, Israel
Hippocrates’ successful quadrature of the lune was one of the earliest achievements of Greek
geometry. Our only source for the nature of Hippocrates’ work is Simplicius, who comments
on Artistotle’s remark that the inference from the quadrature of the lune to the quadrature
of the circle is an example of faulty reasoning. In this article two groups of Hebrew texts are
translated and analyzed. The first come from mathematical treatises, and their contents show
that materials similar to those cited by Simplicius were translated and read in the later medieval
period. The second group comprises constructions found as comments to the Averroean corpus,
and they attest to the existence of a more limited tradition preserving simple constructions
that were necessary to the understanding of Averroes’ commentaries on Aristotle. Levi ben
Gerson’s reconstruction of the quadrature is wholly original.  1996 Academic Press, Inc.
La quadrature de la lunule, par Hippocrate, fut une des premie`res re´alisations de la ge´ome´-
trie gre`cque. Notre seule source concernant l’oeuvre d’Hippocrate est Simplicius, qui com-
mente une remarque d’Aristote, selon laquelle il est fautif de se servir de la quadrature de
la lunule pour connaıˆtre la quadrature du cercle. Dans cet article nous traduisons et analysons
deux ensembles de textes hebraı¨ques portant sur ce sujet. Un premier ensemble renferme
des textes qui proviennent de traite´s mathe´matiques et qui, par leur contenu, indiquent que
des mate´riaux s’apparentant a` ce que cite Simplicius e´taient connus au Moyen Aˆge. Le second
ensemble comprend des textes qui sont inse´re´s dans des commentaires des e´crits d’Averroe`s:
ils attestent l’existence d’une tradition, d’une porte´e plus limite´e, qui conserve des constructions
simples qui e´taient ne´cessaires a` la compre´hension de certains passages des commentaires
d’Averroe`s. La reconstruction de la quadrature de la lunule qu’offre Le´vi ben Gershon est
entie`rement originale.  1996 Academic Press, Inc.
La quadratura della lunula, risolta da Ippocrate, fu uno dei primi successi della geometria
greca. L’unica fonte relativa all’opera di Ippocrate e un’annotazione di Simplicio, a commento
di un’osservazione di Aristotele, secondo cui servirsi della quadratura della lunula per risolvere
la quadratura del cerchio e un esempio di inferenza indebita. Nel presente articolo sono
tradotti e analizzati due gruppi di testi ebraici relativi all’argomento. Il primo e desunto da
trattati matematici, che monstrano come materiali simili a quelli impiegati da Simplico fossero
noti in eta` medievale. Il secondo gruppo e costituito da testi inseriti nei commenti agli scritti
di Averroe, che attestano l’esistenza di una tradizione piu` limitata, ma che ha conservato
alcune construzioni semplici, necessarie alla comprensione di passi dei commenti di Averroe.
Del tutto originale risulta la ricostruzione della quadratura della lunula proposta da Levi ben
Gershon.  1996 Academic Press, Inc.
1. INTRODUCTION
The squaring of the circle is perhaps the most famous problem of ancient geome-
try. The history of the texts connected with this problem is also of considerable
interest. It is well known that Hippocrates of Chios succeeded in squaring the lune,
and this formed the ground for the mistaken belief (whether it was maintained by
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Hippocrates himself is a matter of controversy) that the entire circle could be
squared. In any event, the very contention that the circle could be squared achieved
a certain notoriety as a classic example of erroneous reasoning; Aristotle mentions
it as such in three different places.1 By contrast, the texts preserving the actual
constructions and proofs of Hippocrates met with quite a different fate. Eudemus
did reproduce Hippocrates’ achievements in his history of geometry, now lost.
However, these results were not incorporated by Euclid in his Elements (though
echoes can be found in a few propositions, e.g., II,6), nor are they cited by any
other Hellenistic mathematician. These highly important pre-Euclidean materials
survive only because Simplicius, the last of the Hellenistic commentators on Aris-
totle, quotes them at length in his commentary to the Physics [11, 183–200; 9,
29–39]. We see, then, that the quadrature of the lune belonged to the geometrical
tradition in pre-Euclidean times. From the time of Euclid onward, it is absent from
Hellenistic mathematical writings. Discussions of the matter are, however, found
in texts connected with the Aristotelian corpus.
In this study, we present the first English translations of some medieval Hebrew
texts which, we submit, contain considerable new and important information on
the history of the problem. These Hebrew texts also fall within the geometrical
and Aristotelian traditions. The first group of texts (A1,2,3 and B1,2) comprises
proofs and other discussions that must ultimately derive from Simplicius (or his
source). This is interesting, since Simplicius’ commentary to the Physics of Aristotle
is not known to have been translated into either Hebrew or Arabic. However,
these quadratures are elaborated in two mathematical treatises, rather than in
commentaries to Aristotle. Hence, these Hebrew texts suggest that the theorems
concerned with the quadrature insinuated (or reinsinuated) themselves into the
mathematical tradition earlier than had previously been thought.
The second group comprises constructions offered in the course of commenting
on Aristotle, or, more precisely, on Averroes, the great Andalusian commentator
whose expositions of the Stagirite were, in point of fact, more widely studied in
medieval Jewish communities than Aristotle’s own works. C, D, and E are three
variants of the same construction that are found together as an endnote to Averroes’
middle commentary on the Physics. Text F is an original reconstruction of Levi
ben Gerson, which he offers in his own supercommentary to the same text of
Averroes; he displays the same proof in his commentary to On Sophistical Refuta-
tions. Levi does not square the lune, but rather a four-sided figure bounded by two
parallel and equal circular arcs and two parallel and equal straight lines. Now Levi
was clearly a very able mathematician [2; 18]; however, in the present case, he
was simply totally unaware of the well-developed school tradition concerning the
quadrature of the lune represented by texts C–E. Accordingly, we find in texts G
and H annotations to Levi’s construction, one of them quite critical, which display
the accepted construction (essentially that of texts C–E). Finally, text I contains a
construction that, geometrically speaking, is very close to that found in texts C–E,
1 These are in On the Heavens, 290a4; Prior Analytics, 69a32; and On Sophistical Refutations, 171b15.
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G–H. However, it is found in an endnote to one manuscript of the Hebrew transla-
tion of Euclid’s Elements. My guess is that it was copied from a note to Averroes,
and it testifies to the effort of one unknown medieval scholar to reintroduce the
quadrature proof to the geometrical tradition.
In short, we see from medieval Hebrew manuscript sources that Hellenistic
mathematics thought to have been unknown to medieval scholars was in fact trans-
mitted, and in two channels: in texts that belong to geometry proper and in materials
ancillary to the philosophical tradition. We shall develop this point further at the
end of this paper, and we shall also mention briefly some additional sources bearing
on other problems in geometry. However, let us first describe and then display the
texts relating to our problem. Because we are interested in the transmission of
these materials no less than in their mathematical content, our translations are
rather literal. This is intended to facilitate the identification of possible sources
and/or derivatives. Minor emendations are given in square brackets. As needed,
we also give fuller discussions in the commentaries.
The Sources
The constructions and proofs are taken from the following sources:
A. Meyashsher ‘Aqov is a treatise on geometry with a strong philosophical bent,
written by one Alfonso, whom recent scholarship has identified as Abner of Burgos
(ca. 1270–1340), apostate, philosopher, and polemicist [8, 17–24, 134–136; 7]. It con-
tains an exposition of Hippocrates’ intentions (A1) and two quadratures (A2–3). This
little-known work, which unfortunately survives in only one, incomplete manuscript,
is the most interesting original Hebrew geometrical text of the medieval period.
Gluskina et al. [8] have issued a facsimile of the manuscript, an edition of the Hebrew
text, and a Russian translation and commentary. Because of the immense importance
of this short tract for the history of geometry, as well as the general unavailability of
the admirable publication of Gluskina et al., I shall describe some of its salient features
here and provide further details of its philosophical aim and purpose in my commen-
tary to the first text (A1). This text certainly deserves to be published in full, annotated
English translation, and I hope that the limited use that I shall make of it in this study
will alert a wider audience to its importance.
The express purpose of Meyashsher ‘Aqov is the squaring of the circle; this is a
well-known theme of medieval geometry, and the Latin texts have been thoroughly
studied by Clagett [3]. Although this general goal and some of the philosophical
motivations, particularly the concern with motion, are common to Meyashsher
‘Aqov and the Latin tradition, the similarity ends there. Alfonso realizes quite
well that the circle cannot be squared with conventional geometry; however, he is
convinced that it can be squared with a geometry based on motion, one which
would reveal to us the ‘‘higher conformity’’ in which we can find a square that
perfectly conforms to the circle. I shall have more to say on this in my commentary
to the first text (A1).2
2 Alfonso is clearly a very original thinker; a fuller appreciation of his accomplishment must be
deferred to a later date.
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In doing his work, moreover, Alfonso draws from a very impressive range of
sources—Arabic, Latin, and, perhaps, Hellenistic. For example, he discusses Sim-
plicius’ proof of the parallel postulate, as quoted by al-Nayrızı (both names are
mentioned), as well as a proof of the same postulate by a Jewish scholar of Seville,
Moshe ha-Levy. He mentions Campanus, who ‘‘boasted of squaring the circle,’’
but whose work is of no value for Alfonso, since it is based on Archimedes’
approximation of the perimeter and thus lacks full precision. Ibn al-Haytham’s
commentary to Euclid’s Elements is also mentioned, as also are known and unknown
works of Ibn Rushd and Ibn Sına.
Most astonishing of all, however, are the unnamed sources that were utilized. I
shall discuss below the quadrature of the lune, which betrays a knowledge of
Simplicius’ commentary or some derivative thereof. Alfonso’s theorem on the
asymptote exhibits Nichomedes’ construction of the conchoid and its asymptote.
In addition, Alfonso has a theorem demonstrating the device that has come to be
known as the ‘‘T. usı couple,’’ that is, two tangential circles, one inside the other,
whose motion is such that a point on the smaller one oscillates rectilinearly. The
device was introduced into late Islamic astronomy in an attempt to meet some of
the philosophical objections to the Ptolemaic models and was exploited as well by
Copernicus in his De Revolutionibus. We have as yet no clues as to how these
constructions may have reached Alfonso.
All of these sources were identified by Gluskina in her publication. I would like
to add just a few additional items that I have gathered, particularly as they may
prove important in identifying some of Copernicus’ sources. First, a comparison
with Ragep’s edition shows that Alfonso did not simply translate from T. usı’s
Tadhkira [19, 195–199]. Alfonso adduces his theorem in a mathematical context,
the stated purpose of which is ‘‘to construct (li-s.ayyer) a continuous and unending
rectilinear motion, back and forth along a finite straight line, without resting when
reversing direction [literally: ‘‘between going and returning’’].’’ It is the last prop-
erty—the fact that the oscillating point does not rest before changing direction—
which interests Alfonso, and after constructing the ‘‘couple’’ he proves it. T. usı, by
contrast, asserts that ‘‘it was not our intention to provide geometrical proofs in this
compendium’’ [19, 198]; the one demonstration that T. usı does offer proves that
the harmonic motion is in a straight line. All the same, I am quite satisfied that
Alfonso learned of the ‘‘T. usı couple’’ from an astronomical work. Several times
in the course of his presentation, he speaks of the motion of ‘‘the star,’’ rather than
that of a given point, even though his interest lies purely in the geometry of the
device, not in its application to astronomy. Nonetheless, his source remains an
enigma; but we shall offer an admittedly far-fetched suggestion in our discussion
of source B below.
How does this connect to Copernicus? It is indisputable that Alfonso’s treatise
was known to Mordecai Finzi, a Jewish savant active in Mantua and its environs
in the mid-15th century. A manuscript now found at the Bodlean Library, Oxford,
was Finzi’s notebook, into which he copied the construction of the conchoid and
its asymptote alluded to above; indeed, this is the only evidence we have that
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anyone read Meyashsher ‘Aqov. Finzi, in turn, maintained rather intensive contacts
with Christian savants in northern Italy [14]. We can therefore establish with some
certainty that nearly half a century before Copernicus began his studies at Bologna,
the ‘‘T. usı couple’’ was known to a Jewish savant in contact with north Italian
mathematicians. Perhaps this is the missing link in the transmission of the coupling
device to Copernicus [25, 47].
B. Ms. Mantua, Communita 2, is a unique geometrical compendium called simply
Sefer Uqlidis, or The Book of Euclid, which contains the same two quadratures as
the preceding source, with some additional details (B1–2) [13]. This work also
contains a set of theorems on the comparison of the five regular polyhedra. In 1984
Hogendijk and I described in a brief note some other texts on the same subject
[16]: Hogendijk reported the discovery of a work in Arabic by Muh. yı al-Dın al-
Maghribı, which he has since published [12], while I noted a Hebrew text translated
from the Arabic but containing an introduction not found in al-Maghribı, which
mentions a certain Mesenkenelos as having written a commentary on Apollonius’
Comparison of the Dodecahedron with the Icosahedron; Apollonius’ book is men-
tioned several times more in the body of the treatise [16]. Al-Maghribı’s treatise
on the polyhedra is, in fact, book XV of his Tah. rır al-Us.ul or Revision of [Euclid’s]
Elements. However, al-Maghribı reportedly authored another, different work, called
‘‘The Book of Euclid’’ [22, 13–15]. We cannot, then, dismiss the possibility that
the Hebrew Sefer Uqlidis is a translation of al-Maghribı’s work of the same title.
If this turns out to be correct, we may speculate further that al-Maghribı included
in his Revision only materials germane to Euclid’s textbook, leaving out the quadra-
ture of the lune as well as numerous other subjects discussed in The Book of Euclid.
We have noted that the quadratures of the lune found in sources A and B are
essentially the same. Could this book, either the Hebrew text that now survives or
an Arabic original, have served as one of the sources of Alfonso? A comparison
of the second quadrature found in each text (see our commentary to text B2 below)
seems to suggest that this was the case, but the matter is by no means proven. Al-
Maghribı was born in Spain, but spent most of his career in the East, where he
died. Moreover, he spent several years in close collaboration with Nas.ır al-Dın al-
T. usı. Now if al-Maghribı is the author of the Hebrew Book of Euclid, and if that
work was utilized by Alfonso—two very ‘‘iffy’’ if’s—then we have found some sort
of connection between Alfonso and al-T. usı. Speculation aside, we still have no clue
as to how Alfonso learned of the ‘‘T. usı couple’’; the transmission of the device to
Italy as outlined in the discussion of the preceding source, however, stands on
rather solid ground.
C,D,E. Ms. Paris, Bibliothe`que nationale, he´b. 938, ff. 157b-159a, is an endnote
to Averroes’ middle commentary to Aristotle’s Physics, offering three variants of
the same construction.
F. This construction and proof, devised by Levi ben Gerson, a.k.a. Gersonides
(1288–1344), is found in his supercommentary to Averroes’ middle commentary
on Aristotle’s Physics. Numerous copies of this text exist; however, due perhaps
to the unusual nature of the material, most manuscripts transmit accurately neither
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the text nor the figure. The best copy seems to be ms. Turin A I 14, f. 341b, which,
however, is badly damaged in some places; I have accordingly translated a composite
text, for which I have employed the manuscript at Turin, mss. Vienna Cod. Heb.
171, f. 3a, Oxford-Bodley Michael 488 [5Cat. Neubauer 1389], ff. 4a–b, and the
text reproduced in ms. Parma De Rossi 1067 (see item H below). As already
noted, the same quadrature is exhibited, albeit in a more concise fashion, in Levi’s
supercommentary to On Sophistical Refutations. Only two manuscript copies of
that text exist: Oxford-Bodley Michael 64 (see item G below) and the same Turin
manuscript mentioned above, at f. 223b. Although the text in the Oxford manuscript
has been blotted out and the Turin version is corrupt, it is clear both from the
surviving version and from the gloss discussed in entry G that Levi offers the same
quadrature there as he does in his Physics. We translate the text of the Physics only.
G. Ms. Oxford-Bodley Michael 64 [Cat. Neubauer 1363], ff. 190–192, is a marginal
annotation to Levi ben Gerson’s supercommentary to one of Averroes’ commentar-
ies to Aristotle’s On Sophistical Refutations. Unfortunately, most of Levi’s text has
been deliberately covered over, but, from the content of the gloss, it seems that
Levi offered the same quadrature there as that found in text F.
H. Ms. Parma, De Rossi 1067, is a copy of Shmu’el ibn Tibbon’s Hebrew transla-
tion of Moses Maimonides’ Guide of the Perplexed. On the opening flyleaf we find
an anonymous proof and diagram ‘‘in a manner different from that thought of by
the great scholar and commentator,’’ i.e., ‘‘the scholar and commentator Maistre
Leon.’’ Next to it is an extract from Levi’s supercommentary to the Physics (text
F above).
I. Ms. Paris (private collection) contains an anonymous construction and proof,
found as an endnote to the Hebrew translation of Euclid’s Elements.
2. THE TEXTS AND COMMENTARY
A1. I think that Hippocrates the geometer was hinting at this higher sort of composition
(harkavah) when he claimed that the circle, once it had been divided into lunes that are equal
to rectilinear figures, would itself be equal to the sum of those rectilinear figures. For there is
no doubt that Hippocrates, who was knowledgeable in this science and famous as an expert
in it, would not have claimed that the circle can be divided into lunes, so that when taken
together they would conform to the circle by the usual (mefursemet) type of composition that
we are accustomed to employ. Instead, he wished to say that there is some ratio (‘erekh)
between the curvilinear area (ha-shetah. he-‘agol bi-qes.otaw) and the rectilinear area (ha-shetah.
ha-yashar bi-qes.otaw), something which necessarily follows from the fact that a circle may be
equal to two or three smaller circles. However, we know how to set them equal by means of
the [non-rigorous] argument in favor (ra’ayah) called in Arabic dalıl, not by means of the self-
sufficient demonstration that is called in Arabic burhan. For it is only by means of this intellectual
composition that the circle may be divided into figures that are equal to two or three smaller
circles. That [intellectual composition] is what, in fact, requires (u-misham hith. ayyev bi-‘es.em)
that the lune be equal to a rectilinear figure. Similarly, this leads one to think that the circle may
just possibly be equal to a rectilinear figure. Hippocrates accordingly pronounced a conditional
statement and used an expression of suspicion (h. ashasha). [8, 143–144]
Commentary. The first thing to note is the fact that Alfonso knows quite well
that Hippocrates is the author of the quadrature of the lune. Clagett [4, 1317–1318]
HM 23 QUADRATURE OF THE LUNE 37
has pointed out that ‘‘in none of the many manuscripts of the medieval Quadratura
circuli per lunulas was Hippocrates named as the author.’’ Nor was his name men-
tioned by Ibn al-Haytham, the only Arabic authority whose writings on the subject
have survived, albeit partially [26]. Just what Hippocrates thought he had accom-
plished, or could accomplish, has been a matter of great controversy among both
ancient and modern scholars. It seems to have been John Philoponus who first
suggested that Hippocrates’ plan was to exhaust the circle by completely subdividing
it into lunes, each of which could be squared [21, 463]. We know that Averroes
utilized Philoponus’ commentary to the Physics [23, 215]; in the present instance
the wordings of the two commentaries are strikingly similar. Philoponus writes, ‘‘. . .
and having squared the lune, he mistakenly believed that he could thereby square
the circle too’’ [28, 31:16–17]. In the Hebrew version of his ‘‘middle commentary,’’
Averroes observes, ‘‘. . . when he squared the lune, he thought that he had also
squared the circle’’ [10, 185:10–12]. To the best of my knowledge, however, Averroes
does not mention Hippocrates. The closest he comes to doing so is in one of his
logical writings, where he ascribes the erroneous inference to ‘‘the ancient geome-
ter’’ (al-muhandis al-qadım) [1, 370:5].
Alfonso understood Hippocrates’ project in this vein, as did Levi ben Gerson,
who concludes his own quadrature with the remark, ‘‘it is clear after a little consider-
ation that the whole circle cannot be divided into these figures’’ [see text F below].
Alfonso, in anticipation as it were of the views of some modern scholars (see Heath
[11, 196–197 (note)] for a recapitulation of earlier opinions and the statement of
his own), does not believe that Hippocrates could have committed such an egregious
error. However, Alfonso’s own explanation is unlike anything known to me in any
literature. Indeed, it constitutes one of the main underpinnings of his treatise, and
I can offer here only a brief and highly tentative attempt at synopsis. According
to Alfonso, there exists a ‘‘higher’’ way in which one thing can be ‘‘composed’’
over another, a kinematic rather than a static isometry, in which, for example, a
circular area would move over (rather than be matched piece by piece with) a
rectilinear area, and thus be squared. This is analogous to the way astronomers
make arcs of less than 1808 conform to half of the zodiacal circle. A little later on
in his tract, Alfonso adds that this is identical with, or a property of, a third mode
of existence, i.e., existence in motion (the term is my own but seems quite apt),
which is intermediate between the other two modes, namely, potentiality and actual-
ity. Alfonso seems to have no doubt that, within this mode, a curvilinear arc may
conform instantaneously (again, the term is my own, but not wholly anachronistic)
with a straight line. Indeed, the quadrature of the lune is a manifestation of this
very sort of conformity or composition. The successful quadrature of the lune and
also some of Archimedes’ formulae, are possible only because of this ‘‘higher
composition.’’ The circle can be squared, in theory at least; the question is whether
the geometer can determine what square it is that has the same area as the circle.
‘‘It is as if Hippocrates told us that the equality of the circle to a rectilinear area
is something natural, known to the intellect; but that there exists some doubt as to
whether it is possible for the geometer to delimit (li-hagbil) that particular rectilinear
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FIGURE A2
area. They must investigate it, because that general knowledge of the intellect is
insufficient for them, according to their method’’ [8, 144–145].
A2. We want to construct a lune equal in area to a [given] rectilinear [figure]. We draw circle
ABCD on center E. Its orthogonal diameters are AC and BD. From point A and with distance
AB we draw sector (gizrah) ABZD. Lune BCZD is produced between the two arcs BCD and
BZD. I say that it [the lune] is equal to right triangle ABD.
This is so because sector ECD [here and throughout I follow the corrections of Gluskina]
is a quarter-circle, as is sector EBC. The ratio (‘erekh) of sector ABZD to sector EBC, which
is similar to it, is the same as the ratio of the square on AB to the square on BE. However,
the square on AB is double the square on BE. Therefore, sector ABD is double sector EBC,
i.e., half of circle BCD. We substract the common section (h. atikha) B[ZD]E. We are left with
the lune BZDC equal to the right triangle ABD. [8, 78 (translation), 104 (commentary), 188–189
(edition)]. [See Fig. A2.]
Commentary. This and the following construction comprise proposition 23 of
book III. Alfonso calls his propositions segulot (singular segulah), a highly unusual
choice of terminology. (In medieval philosophy and medicine the term refers to
special, basically inexplicable properties that may inhere, e.g., in herbs or stones;
some writers did extend the term to mathematics [15, 273–274].) However, at the
beginning of the same book III, Alfonso alerts his readers that he will employ a
terminology different from the one commonly used ‘‘in order to make things more
easily understandable’’ [8, 68 (translation), 179 (edition)]. This quadrature is basi-
cally the same as the first one reported by Alexander of Aphrodisias [11, 185];
indeed, it is found, with minor variations, in all of our texts (compare especially
texts D and E below). Note, however, that Alfonso skips the steps which prove
that AB2 5 2BE2; the other texts arrive at this conclusion by a consideration of
isosceles right triangles ABD and ABE. The comparison between quadrants ECD
and EBC at the beginning of the proof is also unusual. It seems that Alfonso
prepared more elegant versions of materials at hand, though his direct source
remains to be identified (see also our commentary on the next text).
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FIGURE A3
A3. There is yet another figure equal to a rectilinear area. We take straight line AB such that
when multiplied by itself it will be equal to three times line BC multiplied by itself. We take
line [AC] multiplied by itself to be equal to [the sum of] line BC multiplied by itself together
with the product of AB with CB. With these three lines we construct triangle ABC, as has
been explained. On it we circumscribe [circle] ABCD with center E. Since line AC is greater
than chord CB, arc ADC is greater than arc CB. From the latter we mark off arc AD equal
to arc BC. We join lines AD, DC, EA, ED, EC, EB, BD.
Now the sides of triangle ABC are equal to the sides of triangle ADB, each to its mate.
Moreover, AC and BD are equal to each other. Since ABCD is a quadrilateral inscribed within
a circle, the product of lines AC and BD, in other words AC multiplied by itself, is equal to
the product of AD and CB—which is [the same as] CB multiplied by itself—together with
the product of AB with either CB or CD. Therefore, CB is equal to CD. Accordingly AB
multiplied by itself is equal to the sum of chords AD, DC, and CB, when each has been
multiplied by itself.
We construct on AB triangle ABZ similar to triangle AE[D]. With [Z] as center we draw
sector ZAHB. It follows that sector ZAHB will be equal to sector EADB, and segment AHB
is equal to the [sum of the] three segments AD, D[C], and CB. Therefore, lune ADCBH is
equal to the rectilineal figure ADCB. Q.E.D. [8, 78–79 (translation), 104 (commentary), 189
(edition)]. [See Fig. A3.]
Commentary. Essentially this is the same as Hippocrates’ second quadrature as
reported by Eudemus [11, 192–193]. However, the construction of Alfonso (and
so also the identical one found in text B2 below) is simplified considerably. Hippocra-
tes’ method has in fact two parts, both of which involve constructing trapezia that
are then circumscribed by circles which form the outer circumference of the lune;
the second part in particular has drawn much attention from historians because it
contains one of the earliest known neusis constructions. By contrast, Alfonso dis-
plays but a single quadrature. The outer circumference is drawn by circumscribing
a circle about a triangle whose sides AB, AC, and BC have been chosen such
that AB2 5 3BC2 and AC2 5 BC2 1 AB ? BC. We then complete the inscribed
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quadrilateral ABCD by choosing D such that arc AD 5 arc BC. Then, with the
help of Ptolemy’s theorem (as Gluskina points out in her commentary), it is possible
to show that BC 5 CD. Since by construction BC 5 AD, we have the trapezium
described by Hippocrates. Now we have no evidence that this theorem was known
before the time of Ptolemy (second century C.E.) [27, 50–51], so it seems unlikely
that it was part of Hippocrates’ own procedure, which was then only summarized
by Eudemus; nor is it invoked by Simplicius in his discussion. We note further that
the identical construction found in text B2 below provides instructions for finding
AB2 5 3BC2 and AC2 5 BC2 1 AB ? BC, as stipulated at the beginning of this quad-
rature.
B1. The lune which is bounded by half of a small circle and a quarter of a large circle, whose
radius is equal to the side of the square inscribed in the small circle, is equal to the square on
the diameter of the small circle.
Let there be circle ABCD with center E. Diameters AC and BD intersect at right angles.
From point A and with radius AB, the side of the inscribed square, draw the arc BZD. It is
clearly a quarter circle, since the angle BAD which subtends it is a right angle; for it is equal
to [angle] CED at the center. Lune BC [DZ; the text erroneously displays ABC] is thereby
produced. I say that it is equal to triangle BDA, which in turn is equal to the square on ED.
The proof. The square on AD, which is a radius of the circular arc BZD, is double the
square on ED, which is a radius of circle ABCD. The ratio of one circle to another is like the
ratios of the squares on their diameters. Therefore, one quarter of the circle BAD, which is
subtended by right angle BAD, is double the quarter circle CED subtended by right angle
CED. Consequently, semicircle BCD is equal to quarter circle BAD. When we subtract what
is common, namely, the common sector BZD, the lune BCDZ remains equal to triangle BAD.
This could also be shown in another way, by drawing lines BC and CD. Since the circle of
which BZD is an arc is double the circle ABCD, segment [h. etkhah, i.e., the figure bounded
by arc BZD and line BED; cf. Heath’s remark on the term teh´eata [11, 184]] BZD is double
section BC. Therefore, the sum of the two sections BC and CD is equal to section BD. If we
add to both sides the figure BCDZ, i.e., the one bounded by straight lines BC [and] CD and
the perimeter BZD, then lune BCDZ will be equal to right triangle BCD, which in turn is
equal to the square on ED. Q.E.D. [See Fig. B1.]
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B2. Another lune that is equal to a rectilinear figure. We take line AB, whose square is equal
to three times the square on BC. This is [done] by taking AC to be the hypotenuse (meytar)
of a right angle that is surrounded by BC, which is the side of a square, and another line which
is its [the square’s] diagonal (qot.er). We also take the square on AC to be equal to the sum
of the square on BC and the product of AB with BC. This [is done] by taking AB [the text
reads AC] to be the hypotenuse of the right angle surrounded by the lines BC and the line
that is orthogonal to lines AB, BC—after the two of them have been placed together as a
straight [line]—at point B; and a semicircle has been drawn over them; and that orthogonal
reaches to the perimeter of the semicircle. With these three lines we construct triangle ABC.
About it we circumscribe circle ABCD with center E. [See Fig. B2i.]
Now since chord AC is greater than chord CB, arc ADC is greater than arc CB. We mark
off from arc ADC [an arc] equal to arc CB; let it be arc A[D]. We join lines A[D], DC, EA,
E[B], E[D], EC, and B[D]. The sides of triangles ABC are equal to the sides of triangle ADB,
respectively [literally ‘‘each one according to its size’’]; and AC is equal to BD. Since figure
ADCB is a quadrilateral [inscribed] in a circle, the product of AC with BD, which is exactly
the same as the square on AC, is equal to the product of AD with CB, which is equal to the
square on CB, and the product of AB with CD. The square on AC has already been [set]
equal to the square on CB and the product AB with BC. Hence BC is equal to CD. [See Fig. B2ii.]
We draw from point A line AZ parallel to line DE, and from point B line BZ parallel to
line CE. They intersect at point Z, for angle[s] A and B are less than two right angles, seeing
that they are equal to angles D and C [emending the ‘‘DAC’’ to ‘‘D and C’’, a difference of
one letter in the Hebrew] in triangle DCE. For this reason angle Z is equal to angle DEC.
On center Z and with radius ZA we draw the circular sector AHB. [Literally: we encircle
(na‘agol) . . . the segment (h. etkhah) AHB.] Now the square on AB is three times the square
on AD; and sectors AZB and ADE are similar, because angles AED and AZB are equal;
sector AZB is accordingly three times sector AD. Therefore, sector AZB is equal to the entire
sector ADCB [centered on E]. When we subtract the common segment (h. etkhah) AHBE [sic;
see commentary], then triangle AZB, which is [equal] in area to rectilinear figure ADCB, is
left equal to lune ADCBH, which is enclosed by the two arcs ADCB and AHB. Q.E.D. [See
Fig. B2ii.]
Commentary. As we have already observed, this is essentially the same quadrature
as that displayed in text A3 above. However, it reveals more details concerning
the preliminary constructions and some additional, defective, and/or erroneous
matters at the end of the proof. I venture to guess that A3 represents Alfonso’s
simplification of the text under discussion.
First, consider the two preliminary constructions. (1) To find AB2 5 3BC2, con-
struct triangle ABC with side BC 5 1, and AB equal to the diagonal on the square
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on BC. AB 5 Ï2 BC. Then AC, sum of squares on AB and BC, is equal to 3BC2.
(2) Next, we construct AC2 5 BC2 1 AB ? BC in two steps: (i) Join AC, BC in a
straight line. From the midpoint O of line ABC draw a semicircle, and draw BN
perpendicular to AC and reaching to the perimeter of the semicircle. (See Fig.
B2i.) Then AB ? BC 1 OB2 5 OC2 (Elements II,5). BN2 1 OB2 5 ON2 5 OC2.
Thus BN2 5 AB ? BC. (ii) Construct right triangle ABC with sides BC, BA 5 BN
surrounding the right angle. Now AC2 5 BC2 1 AB ? BC.
The proof now runs as in A3. Summarizing concisely, we see that AC 5 BD;
AC ? BD 5 AC2 5 AD ? CB 1 AB ? CD 5 CB2 1 AB ? CD. Since AC2 5 BC2 1
AB ? BC, BC 5 CD. However, the texts differ toward the end of the proof, where
we arrive at the construction that will produce the sector centered on Z. Here, the
instructions of B2 are to draw AZ and BZ parallel to DE and CE, respectively. If
we take into account that CD is parallel to AB (not stated in the text), it is clear
that angles ABZ and DCE are equal, as are angles BAZ and CDE. These are
angles A, B, C, and D mentioned in the text. Hence angles AZB and DEC are
also equal. Alfonso simply tells us to construct triangle ABZ similar to triangle AED.
The conclusion of the proof is not fully spelled out in either text A3 or text B2.
Gluskina [8, 104] supplies the missing steps in her notes, and we rephrase them here:
(1) Sector ZAHB 5 sector EAD. Circular segment AHB 5 3 times circular
segment AD 5 sum of circular segments AD, DC, BC.
(2) Lune (AHBCD) 5 trapezium (ABCD) 2 circular segment (AHB) 1 (sum
of 3 circular segments AD, DC, BC).
(3) Since the last two terms have been shown to be equal, the lune is equal
in area to the trapezium.
It is clear from (1) that triangle ABZ (the sector centered on Z minus the circular
segment AHB) is not equal to the trapezium, contra the statement at the end of B3.
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C. We wish to demonstrate the squaring of the lune. We first set down one preliminary
proposition. For every quarter-circle, when we draw its chord and make that chord the diameter
of [another] circle, and we draw [that] circle, then that semicircle is equal to the quarter-circle.
For example, let the quarter-circle be ABCD. We draw its chord BC, and we make BC the
diameter of circle BEC. I say that the quarter-circle, i.e., ABC, is equal to semicircle BEC.
The proof. Since triangle ABC [emending ABCD to ABC] is isosceles, because lines AB,
AC [run] from the center to the circumference and are equal; and angle BAC is right, since
it is the angle which subtends a quarter-circle; therefore, angle BAZ is half of a right angle,
and angle ABZ is half of a right angle. Each one of the angles ABC, ACB that are at the
base is half of a right angle. Since the base is bisected, angle BAZ is half of a right angle, and
angle ABZ is half of a right angle. Hence ZB is equal to ZA; and, therefore, the square on
BA is double the square on ZB, since it is the chord (meytar) of a right angle. Now circles
stand in the same ratio as the squares on their radii (h. as.i qot.er). Therefore, circle ABDC,
once it has been completed, is double circle BEC; for the square on the radius of circle ABDC,
which is BA, is double the square on the radius of circle BEC, which is BZ. Therefore, a
quarter of circle ABDC is equal half of the circle BEC.
Now that this has been shown, when we wish to square the lune, we take a quarter-circle
and draw its chord. We make this chord the diameter of another circle. Now this semicircle
is equal to the quarter-circle. We subtract BDCZ, which is common. The lune, which is BEDC,
is left equal to triangle ABC. It is already known from Proposition 42 from the first book of
Euclid how to construct an area equal to this figure. We construct it. That area must necessarily
be a square. So we have constructed a square equal to this triangular figure which is [itself]
equal to the lune. [See Fig. C.]
Commentary. We shall call attention to a few quirks of this and the other quadra-
tures that belong to the philosophical tradition. The center is included among the
points which label the circle (e.g., quarter circle ABCD). The writer omits an
introduction of point Z, the midpoint of chord BC, as well as the instructions for
drawing the smaller circle. Note also the reference to Elements I,42: the proofs
belonging to the philosophical tradition are careful to show that the lune has been
set equal to a square, not just any rectilinear figure.
D. We want to show how to square the lune. We draw a semicircle with center E and radius
(merh. aq) AE. From the center E we draw a straight line equal to line AE and at a right angle
[to AE]; it is EW. We complete square AEWZ. We draw a circle with center W and radius
WA. I say that the lune, which is ABCD, is equal to square AEWZ.
The proof. Circle ADCW is double circle ABCE. For the square on the radius of ADCW,
which is AW, is double the square on the radius of circle ABCW. This is so because chord
AW is the chord of a right angle. Its square is equal to the [sum of the] two squares AE, EW.
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AE is equal to EW. Circles stand in the same ratio as the squares on their radii. Accordingly,
circle ADCW, once it has been completed, is double circle ABCE, once it has been completed.
Circle ADCW is a quarter-circle, because AWC is a right angle. For triangles AEW, EWC
are isosceles; and angles CWE, AEW are right. Therefore, each one of the remaining angles
is half of a right angle. Therefore, AWC is right. Hence circle ADCW is a quarter-circle, and
it is equal to semicircle ABCE. Subtract ADCE, which is common to the two circles. Lune
ABCD is left equal to triangle ACW. Square AEWZ is equal to triangle AWC. Therefore,
lune ABCD is equal to square AEWZ. Q.E.D. [See Fig. D.]
E. We want to demonstrate the squaring of the lune. We draw a semicircle with center D and
diameter AB. Then we draw at right angles to center D the line DE; DE is equal to the radius
DB. We then draw lines BE, EA. We construct a section of a circle on center E and with
radius (merh. aq) EB. Let this circular section be AZBE. Next we draw from point E a line
parallel and equal to line DB; it is line EH. We draw BH equal to line DE. Then there is
square BDEH.
We will now demonstrate in the following way how lune BACZ is equal to square BDEH.
We first show how figure AZBE is equal to figure ABCD. It is because figure AZBE is a
quarter of the circle on center E; and figure ABCD is the semicircle on center D; and they
are equal, as shall be shown.
Now we show in this way how figure AZBE is a quarter circle. Since line BD is equal to
line DE and [also] to line DA, triangle BDE is isosceles, as is triangle ADE. Since angle BDE
is right, angle DEA is half of a right angle, as is angle DEH. For the three angles of every
triangle are equal to two right angles. Since each one of these two triangles contains a right
angle, and they are [both] isosceles, each of the two remaining angles is half of a right angle.
Hence the whole angle AEB is right. It is clear that a right angle at the center of a circle
divdes the circle into four equal sections.
It will also be shown in the following way how the quarter circle AZBE is equal to the
semicircle ABCD. We know that circles stand to one another as the squares on their radii (?)
(alakhson). Now the square on BE is double the square on BD; for the squares on BD and
DE are equal, and they surround the right angle; [hence] they are [together] equal to the
square on BE. Therefore, one circle is double the other; and the quarter of one circle is equal
to half the other. When we subtract from both of them the common area AZBD, lune ACBZ,
which remains from the semicircle, is equal to triangle ABE, which remains from the quarter
circle. Triangle ABE is equal to square BDEH. Therefore the lune is equal to square BDEH.
Q.E.D. [See Fig. E.]
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F. He [Aristotle] said that two of the ancients thought that they had squared the circle, that
is to say, that they had constructed an area bounded by straight lines that is equal in area to
the circle. One of them squared the lune, i.e., the arc-like figure (ha-temunah ha-qeshatit),
which is part of a circle. That is, he found it to be equal to an area bounded by straight lines;
and he thought that by following that procedure (yinhag zeh ha-minhag) he could square the
entire circle.
I think that the figure that he squared was a figure bounded by four lines, two of which are
straight, parallel, and equal lines, and two of which are parallel and equal arcs [‘‘arc-like lines’’].
The diameter of one of the circles—once the circle has been completed—is equal to the diameter
of the other. We say that this figure is equal to the area of the parallelogram [constructed] from
one of the straight lines on the chord of one of the arcs.
Its proof is: Let us assume the lune to be figure ABCD. We draw chords BD and AC. We
say that lune ABCD is equal to rectangle ABCD. This is so because the area of [circular
segment] EAC is equal to the area of [circular segment] TBD; for the chords are equal, the
arcs are equal, and they derive from equal circles. However, the area of EABDC is equal to
the sum of the areas of lune ABCD and [segment] TBD. It is likewise equal to the sum of
the areas of rectangle ABCD and [segment] EAC. However, the area of EAC which has been
added to rectangle ABCD is equal to the area of TBD, which has been added to lune ABCD.
Therefore, the area of lune ABCD remains [after subtraction from both sides] equal to the
area of rectangle ABCD.
He thought that by continuing with this procedure he would square the whole circle. However,
it is clear after a little consideration that the whole circle cannot be divided into these figures,
and they cannot be its measure (yesha‘aruha). In this way this error may be eliminated, for
the one who committed this error does not deny the basic principles of the discipline. Instead,
he came to a conclusion that he can square the circle this way without thorough inquiry (‘iyyun
shalem). [See Fig. F.]
Commentary. The figure that Levi squares is bounded by arcs BTD, AEC, and
lines AB and CD. Now figure BAECD (bounded by straight lines AB, BD, DC,
and arc AEC), which is equal to the sum of the parallelogram and segment AEC,
is equal to the sum of the ‘‘lune’’ and segment BTD. Since segments AEC and
BTD are equal, the ‘‘lune’’ is equal to the parallelogram.
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G. . . . the lune according to the description that he gave. For it is unanimously agreed upon
that it is a figure bounded only by two arcs. It is for that reason that they thought deeply and
found a way (he‘emiqu we-mas.’u) to square the lune which meets that description. We take
the lune to be a single figure, bounded by a given semicircular arc, say arc ABC, and an arc
which is a quarter of another circle that encompasses (mekhila) double [the area] of the
preceding; it is arc ADC. This is done by drawing the diameter of the first circle, i.e., straight
line AEC, which passes through the center at point E. From the center we extend . . . [one
line of text missing] . . . there point Z as center. About it we draw circle ADCH with radius
ZA. For their distances are equal, since angles AEZ [letters unclear in the manuscript] and
ZEC are equal, and they are encompassed by equal lines. For that reason, their chords, which
are lines AZ and CZ [and] which mark off (yagbilu) this distance [i.e., radius], are equal.
Hence this circle ADCH is double the preceding . . . , for the square produced on its diameter
is double the square produced on the diameter of the preceding. Its sector (h. etkhah) ADZC
is one of its quarters, because angle AZC which marks it off (hamagbila), and which is on its
circumference, is a right [angle]. This is clear after a little reflection to anyone who has studied
the Elements.
For this reason it is clear that sector ADZC [emending ABZD to ADZC] is equal to figure
ABC which has earlier been assumed to be a semicircle. We take segment [ADCE] to be
common. Triangle ACZ remains equal to the lune that is bounded by arcs [literally: arc-like
lines] ABC and ADC.
It has been demonstrated in the Elements that it is possible to construct a square equal to
triangle AZC [emending AZD to AZC]; and the aforementioned lune will also be equal to
it. Q.E.D. [See Fig. G.]
Commentary. The text of this note is damaged and possibly corrupt. Nonetheless,
it is clear that the quadrature is, by and large, the same as that displayed in texts
C, D, and E. The effort expended in showing, by means of similar isosceles right
triangles, that the square on the diameter of the larger circle is double the square
on the smaller circle calls to mind in particular text C. The writer of the note clearly
was in touch with the Averroist tradition.
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H. The proof. The ratio of one circle to another is like the ratios of the squares on their
diameters. The square on line AHB, which is a diameter of the small circle AMBH, is equal
the sum of the squares on lines AE and EB, because it is their hypotenuse (alakhson merub-
ba‘am). Now the square on line AEC, which is a diameter of the large circle ATBCD, is equal
to four times the square on line AE, which is a radius; all of this has been explained in Euclid’s
book. Therefore, the square on the diameter of the small [circle] is half the square on the
large one.
It follows that the area of the small [circle] is half the area of the large one. Half of the area
of the small [circle], i.e., figure AMBH, which is composed of the lune AMBT [and] figure
ATBH, is equal to the area of ATBE [note: the manuscript displays ATBH], which is composed
of right triangle AHBE and figure ATBH, since [note: manuscript erroneously adds ‘‘and’’]
they are a quarter-circle. When we subtract from them that which they both share, what remains
is equal, as was explained at the beginning of the aforementioned book. Therefore, the area
of the lune AMBT is equal to the area of right triangle AHBE, which is one quarter of the
square on the diameter of the small [circle].
Furthermore, it will be clear with a little reflection that the area of this lune is equal as well
to the area of the square on line AH, which is a radius to the small [circle]. For it is one of
the four squares that make up the area of the square on its diameter; this too has been made
clear. We have therefore demonstrated how to square the lune, which is truly a figure bounded
by two arcs, in a manner different from that thought of by the great scholar and commentator.
Q.E.D. [See Fig. H.]
I. We wish to demonstrate the squaring of the lune. We draw a semicircle with diameter AB
and on center D; let it be semicircle ACBD. Then we draw on the center D the line DE, which
will be at a right angle and of the same length (merh. aq) as the radius DB. Afterwards we
draw lines BE and EA. With point E as center draw a circle, using as radius (merh. aq) EB
and EA, which are equal. This section of the circle is AB[Z]E. Next we draw from point E a
line parallel and equal to line DB; it is line EH. We draw BH equal to line DE; it is then
square BDEH. [See Fig. Ii.]
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I shall now demonstrate how lune ACBZ is equal to square DBEH by the following. That
is, we first demonstrate how figure AB[Z]E is equal to figure ABCD. For figure ABZE is a
quarter-circle with center E, and figure ABCD is a semicircle with center D; and they are
equal, as shall be shown. [See Fig. Iii.]
This is the way to show how figure ABZE is a quarter circle. Since line BD is equal to line
DE as well as to line DA, triangle BDE is isosceles, as is triangle ADE. And since angle BDE
is right, angle DEB is accordingly half of a right angle, as is also angle DEA. For the [sum of
the] angles of every triangle is equal to two right angles. Now since each one of these contains
a right angle, and they are isosceles, the two remaining angles in each triangle are each half
FIGURE Ii
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of a right angle. Therefore angle AEB is a right angle. It is clear that a right angle drawn on
the center of a circle divides the circle into four equal parts.
This is how to show that quarter-circle AZBE is equal to semicircle ABCD. We know that
circles stand in the same ratio as the squares on their radii (alakhson). Now the square on BE
is double the square on BD; for the squares on BD and DE are equal and surround a right
angle and [together] are equal to the square on BE. Therefore the circle is double the [other]
circle, and the quarter of the one circle, i.e., AZBE, is equal to half the other circle, i.e., ABCD.
After we subtract from each of them area AZBD, which is common to both, lune ACBZ,
which is what remains from the semicircle, is left equal to triangle ABE, which in turn is equal
to square BDHE. Therefore the lune is equal to the square. Q.E.D.
3. SUMMARY AND CONCLUSIONS
Sophisticated treatments of the quadrature of the lune are found in two Hebrew
mathematical treatises. The first of these, Meyashsher ‘Aqov, short though it is,
contains many important geometrical materials not otherwise available in medieval
texts. The author, named simply Alfonso in the unique manuscript, has been sup-
posed to be Abner of Burgos, a Spanish Jew who converted to Christianity and
was very widely read in Arabic, Hebrew, and Latin literature. The general tone of
the book, in particular, the philosophical importance which the author attaches to
the squaring of the circle, and the important distinction that he draws between
sensual reality (where the circle cannot be squared) and a higher plane of reality
(where it can), evokes themes familiar from some of the Latin texts studied by
Clagett. Nonetheless, none of those Latin texts exhibits such direct knowledge of
Hellenistic mathematics; the channels by which Alfonso gained access to those
materials remain unknown.
The second mathematical treatise which discusses the quadrature of the lune is
a large, comprehensive, and anonymous geometrical composition called simply Sefer
Uqlidis, or The Book of Euclid. I have offered some observations and speculations
concerning this text above. The quadratures exhibited are essentially the same as
those displayed in Meyashsher ‘Aqov.
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The remaining quadratures are all connected to the philosophical, rather than
the geometrical, tradition. (I maintain that this is so even though one of the proofs
is found as an endnote to Euclid’s Elements. After all, the Averroists read Euclid
and cited him.) They exist in order to clarify just what Aristotle is talking about
when he derides Hippocrates’ effort. We have numerous variations on the same
proof which all seem to be the work of Jewish Averroists. Their formalism—in
particular, the trouble which they take to complete the proof by rigorously showing
how the triangle which is equal to the lune is itself equal to a square—and their
proliferation argue for the conclusion that they are the products of a widely circu-
lated school tradition. The constructions themselves are more or less the same as
Hippocrates’ first proof, as, indeed, are the first quadratures found in Meyashsher
‘Aqov and Sefer Uqlidis. As for Levi ben Gerson, it is clear from his own introductory
remarks as well as from the nature of his demonstration that he is offering a
‘‘reconstruction’’ of his own. This episode suggests that Levi was working in isolation
from other Averroists.
In this study we have limited ourselves strictly to Hebrew texts which, as far as
we know, are neither translations nor adaptations of materials from extant Arabic
or Latin texts. We have, however, suggested that they may derive in part from
Arabic works that are not available now, and so it is appropriate to offer some
brief comments on the relationship between the Hebrew sources and the Arabic
and Latin traditions. Our only Arabic source is a short tract by Ibn al-Haytham
(11th century) entitled Risala f ı Tarbı‘ al-Da’ira or Letter on the Quadrature of
the Circle [26]. Ibn al-Haytham testifies to an intense interest on the part of ‘‘philoso-
phers’’—the Arabic mutafalsifu¯n can also be used perjoratively, i.e., ‘‘those who
dabble in philosophy’’—in the quadrature of the circle. In his own words, ‘‘Many
philosophers hold the belief that the area of the circle may be equal in area to a
square. This idea recurs in many of their debates and disputations. However, we
have not found that any one of the ancients or the moderns [has produced] a
rectilinear figure equal to the area of the circle with the utmost precision (‘ala ghayat
al-tah. qıq)’’ [26, 85]. Evidently, Ibn al-Haytham is referring to oral disputations, but
it is equally plain from his reference to ‘‘ancients and moderns’’ that he had access
to some written literature on the subject. In any event, I know of no Arabic work
on the subject, other than the short treatise of Ibn al-Haytham. There, he refers
to another work of his on the quadrature of the lune, in which he offered numerous
constructions. Two quadratures of the lune are found in his tract on the quadrature
of the circle, presumably drawn from the other work. Rashed [20] has recently
published a modern analysis of these constructions. They are quite different from
the texts published here, and I am quite confident that none of the Hebrew materials
derives from Ibn al-Haytham.
As for the Latin tradition, both versions of the Quadratura circuli per lunulas
published by Clagett [3, 610–626] contain Hippocrates’ first quadrature of the lune.
However, the only Hebrew text which sets as its goal the quadrature of the circle
is Meyashsher ‘Aqov. The author of that text, Alfonso, does mention Latin sources
such as Campanus [8, 15]. However, he cites by name a number of Arabic and
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Hellenistic sources as well, and he presents two quadratures of the lune, the second
of which is unlike anything found in any other treatise known to me, with the
exception of Sefer Uqlidis. The latter work makes no mention of squaring the
circle. The Averroist constructions are all exhibited in the course of illustrating the
contention that the circle cannot possibly be squared. Now, as Clagett [4, 1315] has
pointed out, there is one Latin writer who does not tie the quadrature of the lune
to the quadrature of the circle, namely, Johannes de Muris. One could argue for
a similarity of purpose between de Muris and some of the Hebrew texts, namely,
an attempt to reintegrate Hippocrates’ correct conclusions into the geometrical
tradition. Nonetheless, the actual presentations of de Muris [4, 1312–1328] are
entirely different from the Hebrew materials that we have presented here. Hence,
there does not seem to be any direct connection between the Hebrew and Latin
traditions, with the possible and partial exception of Meyashsher ‘Aqov.
Let me close my treatment of the quadrature texts with one suggestion for further
research. Some of our Hebrew texts are found as glosses to Averroes and his
commentators. A systematic search of both Arabic and Latin manuscripts related
to the three places where Aristotle refers to the lune [11, 184]—a search that
would scan both the Aristotelian corpus for marginalia ad locis as well as the
commentaries—should reveal whether Hippocrates’s first proof was known to stu-
dents of Aristotle in those traditions, and it may even lead to further clues concerning
knowledge of Simplicius and other Hellenistic sources.
Finally, it may not be inappropriate to draw into our discussion some other
geometric constructions that were of great interest to medieval philosophers with
the result that they too developed a textual tradition that was more closely linked
to the philosophical rather than the strictly geometrical enterprise. The most famous
of these constructions is, of course, that of the curve and its asymptote, or, to phrase
it more philosophically, to prove that two lines may continue to approach one
another ad infinitum without ever meeting. Moses Maimonides adduces this prop-
erty in the critique of the mutakallimun which he offers in his Guide of the Perplexed.
Now, Maimonides undoubtedly studied Apollonius’ Conics, and he knew well the
construction and proof in that book for the asymptote to the hyperbola. However,
the Conics was never rendered into Hebrew, and readers of the Hebrew translation
of the Guide produced constructions of their own. Le´vy [17] has identified six
different proofs, and Freudenthal [6] has tried to set this issue in historical context.
It should be pointed out that some of the Hebrew texts on the asymptote are
translations; constructions of this sort exist in Arabic and Latin as well. In other
words, a distinct tradition of special service to philosophers developed even in those
cultures which had access to Apollonius’ text.
I believe that I have shown in this paper that the corpus of Hellenistic geometry
that was available in medieval translation is larger than previously thought; indeed, I
have suggested that some of the Hebrew materials may point to unknown Hellenistic
sources. I should like to end this study with a few observations on additional
Hellenistic geometrical texts that are found in Hebrew manuscripts. Clearly, the
most obvious channel for the transmission of such texts is translations from Arabic
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translations of Greek writings. In this connection it may be noted that the same
Oxford codex (ms. Heb. d. 5) which contains the monograph on the polyhedra
contains other unique materials translated from the Arabic, among them a version
of Eutocius’ commentary on Archimedes’ On the Sphere and the Cylinder, which
differs significantly from Heiberg’s Greek text. Jews living in Arabic-speaking lands
had no need of Hebrew translations, but they did produce many transcriptions of
Arabic texts into Hebrew script for the benefit of readers who knew the Arabic
language but not its alphabet; these transcriptions compose another important
reservoir of manuscript materials. E. Wust of the Jewish National and University
Library has uncovered some fragments of the Arabic translation of Simplicius’
commentary on Euclid’s Elements in Hebrew transliteration; we await their publica-
tion. Finally, we must not rule out the possibility of direct Hebrew translations
from the Greek. I recently found a Hebrew translation of a passage from Pappus’
commentary on Ptolemy’s Almagest which, I am quite sure, was made from the
Greek original. The manuscript, number 340 in the Ginzburg collection of the
Russian State Library, Moscow, is a codex containing a number of unstudied Hebrew
commentaries on Ptolemy’s text. On f. 31a there is a translation of the comment
of ‘‘Papu the geometer’’ (Papu ha-tishborti) on Almagest V, 5. No Arabic translation
of Pappus’ book is known. The manuscript in which the passage is found is, in my
view, of Byzantine provenance, and its author may easily be presumed to have
been fluent in Greek.
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